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ABSTRACT Cells carrying cilia on their surface showmany striking features: alignment of cilia in anarray, two-phase asymmetric
beating for each cilium, andexistenceofmetachronal coordinationwith a constant phasedifference between twoadjacent cilia.We
give simple theoretical arguments based on hydrodynamic coupling and an internal mechanism of the cilium derived from the
behavior of a collection of molecular motors to account qualitatively for these cooperative features. Hydrodynamic interactions can
lead to the alignment of an array of cilia. We study the effect of a transverse external flow and obtain a two-phase asymmetrical
beating, faster along the flow and slower against the flow, proceeding around an average curved position.We show that an aligned
array of cilia is able to spontaneously break the left-right symmetry and to create a global average flow. Metachronal coordination
arises as a consequence of the internalmechanismof the cilia and their hydrodynamic couplings, with awavelength comparable to
that found in experiments. It allows the cilia to start beating at a lower adenosine-triphosphate threshold and at a higher frequency
than for a single cilium. It also leads to a rather stationary flow, which might be its major advantage.

INTRODUCTION

Many cells and bacteria have cilia or flagella on their surfaces.

Examples are sperm cells that have one flagellum used for

propulsion, the green alga Chlamydomonas that uses two

flagella, and the much studied protozoan Paramecium, which
is covered by;4000 cilia that produce a very efficient motion

with a velocity of order 1 mm/s in water, corresponding to

103 the Paramecium size per second. Humans have ciliated

cells in several organs: in the brain (ependymal cells that

create cerebrospinal fluid flow (1)), the retina (photoreceptor

connective cilia), the respiratory tract (epithelial cells), the ear

(hair bundles), the Fallopian tube, or the kidney (2).

Cilia have two major roles: i), detection (sensory cilia or

flagella), for example, in the retina, the ear, and the kidney;

and ii), propulsion or creation of fluid flow (motile cilia or

flagella) as for Paramecium or in the respiratory tract where

the fluid flow is used to move away the mucus.

The common structure of most cilia and flagella is an

axoneme wrapped by the plasma membrane. The (9 1 2)

axoneme is made of nine microtubule doublets arranged on a

circle around a central pair of microtubules (3). The cilium or

flagellum is attached to the cellmembrane by a basal bodymade

of nine microtubule triplets that has a structure very similar to

that of a centriole. The basal body is attached to the cell mem-

branebyanchoringfibers (4).Typically the radius of anaxoneme

is 0.1 mm. The main structural difference between cilia and

flagella is their length (10 mm for cilia, up to 1003 longer for

flagella (5)). Dynein molecular motors are attached to

theninemicrotubule doublets.Uponconsumptionof adenosine-

triphosphate (ATP), dyneinmotiongenerates forces that induce

a sliding between adjacent microtubules. Because the whole

structure is attached at its base, this slidingmotion induces the

bending of the cilium or flagellum and its beating (3,6).

We here focus on ciliated cells creating fluid flow. These

are cells with cilia on their surface, beating in one preferred

direction in a coordinated way. One central feature of cilia

beating is the existence of two phases with a broken

symmetry. Each beating can be decomposed into an effective

stroke that propels the fluid and a recovery stroke where the

cilium is coming back against the flow. In the example of

Paramecium in water, the effective stroke lasts typically 9 ms

whereas the recovery stroke lasts 26 ms. The typical beating

frequency in water is 30 Hz (7). The beating of Paramecium
cilia is three-dimensional but for some species likeOpalina or
Chlamydomonas, it remains essentially planar (8). In this

work, we discuss the role of an external velocity field in this

left-right symmetry breaking between the effective stroke and

the recovery stroke for planar beating.

One of the most striking features of an assembly of beating

cilia is that they all beat in the same direction: the surrounding

fluid can only be propelled efficiently if all the beatings have

the same orientation. In mature ciliated cells, the beating

direction is defined by the anchoring of the basal foot on the

basal body. Only newly formed or developing cilia are

randomly oriented (9). When they start beating, they tend to

spontaneously align to finally beat in the same direction. One

of the questions addressed in this article is the nature of the

parameters that control this orientation.

Another important feature of ciliated cells is the existence

of waves propagating all along the surface. These are called

metachronal waves and might be due to the coordination of

adjacent cilia, for example, via hydrodynamic interactions.

Experimentally metachronal waves are observed to propa-

gate in all possible directions: in the direction of the effective

SubmittedMarch 11, 2006, and accepted for publicationNovember 27, 2006.

Address reprint requests to Boris Guirao, Laboratoire Physico-chimie Curie

(UMR 168), Institut Curie, 26 rue d’Ulm, 75248, Paris cedex 05, France.

Tel.: 33-1-42-34-64-71; E-mail: boris.guirao@m4x.org.

� 2007 by the Biophysical Society

0006-3495/07/03/1900/18 $2.00 doi: 10.1529/biophysj.106.084897

1900 Biophysical Journal Volume 92 March 2007 1900–1917



stroke (symplectic metachronal waves), in the opposite

direction (antiplectic), or even in a perpendicular (laeoplectic

or dexioplectic) or oblique direction. The origin of these

waves and the mechanisms controlling their formation are

not well understood. We show in this article that metachron-

ism can arise naturally from the hydrodynamic couplings

between cilia. Using a two-state model for the dynein motion

as an internal mechanism of the cilia, metachronism appears

to be a local minimum in the oscillation threshold of the

motors (10,11). It decreases the amount of ATP necessary for

beating, but it also increases the beating frequency and

induces a rather stationary flow that accounts for the regular

swim of ciliated organisms like Paramecium. This last effect
could be the major interest of metachronal coordination.

The local [Ca21] concentration has a strong influence on the
beatingpattern of cilia or flagella. For example detergent-treated

Paramecium are able to swim forward at low [Ca21] concen-
tration (,10�6M) and backward at high [Ca21] concentration
(.10�6M)because of ciliary reversal: thedirectionsof effective

and recovery strokes are switched (12,13). In any case, thewild-

type Paramecium can have a very efficient backward motion

monitored by calcium tanks in its body. We only discuss here

qualitative aspects of the role of calcium.

In this article, we address the question of the spontaneous

alignment of an array of beating cilia and the possibility of a

spontaneous symmetry breaking in the beating that leads to

the appearance of amacroscopic fluid flow. The internal mech-

anism of the cilia is described by the model of references

(10,11) that is based on a two-state model to describe the co-

operative effects between dynein motors and only considers

the relative sliding of two microtubules in the axoneme. The

coordination between the cilia is due to hydrodynamic inter-

actions that are discussed in details in a coarse-grained descrip-

tion where the effect of the cilia on the flow is replaced by an

effective force.

The outline of the article is as follows. In the next section, we

give a simple model for the alignment of beating cilia. In the

‘‘Axonemal beating’’ section, we discuss the beating of one

cilium following the model of Jülicher and Camalet (10,11).

Finally, in ‘‘Left-right beating symmetry breaking and meta-

chronal coordination’’, we discuss the spontaneous breaking of

the left-right symmetry of the beating due to the flow created by

the cilia themselves and the existence of metachronal waves.

The interest of ourapproach is to study the role of hydrodynamic

effects on some characteristic features of ciliated cells; proteins,

Ca21waves, ormore generally chemical signals may not be the

only answers to all these questions.

SPONTANEOUS ALIGNMENT OF AN ARRAY
OF CILIA

Experimental results

In an assembly of cilia covering the surface of a mature cell,

cilia are beating in a preferred direction, and onlynewly formed

or developing cilia are randomly oriented (9). We first discuss

the experiments showing how this preferred orientation is

chosen.

As mentioned before, the ciliary axoneme grows from a

basal body analogous to a centriole. Two basal body append-

ages, the basal foot and the striated rootlet, located in the plane

of the effective stroke, confer an asymmetrical organization to

the basal body. The basal foot is laterally associated with two

consecutive triplets and points in the direction of the effective

stroke (14,15). The striated rootlet, associated with the prox-

imal end of the basal body, sinks into the cytoplasm in the

opposite direction (14). These two appendages define therefore

an orientation of a cilium before beating motion.

During ciliogenesis, newly formed basal bodies migrate

toward the cellmembranewhere they anchorwith no apparent

order. Anchoring induces axoneme assembling, and cilia

grow in random orientations.While cilia are growing, they do

not beat immediately. A reorientation by rotation of the basal

bodies in a common direction occurs at the final stage of

ciliogenesis, when mature cilia beat (16). The preferred direc-

tion of the assembly is then well defined. In primary ciliary

dyskinesia (PCD) also known as immotile cilia syndrome,

axonemes are incomplete, and the ciliary activity is abnormal

or absent: the fluid is poorly or not propelled. At the cell level,

the basal bodies are randomly oriented (17).

These experimental facts suggest that the beating and

orientation of cilia are closely related. Our working hypoth-

esis is that the alignment of an assembly of beating cilia is

mostly due to hydrodynamic coupling between cilia. The

global flow created by the other cilia tends to orient a given

cilium and above a certain beating amplitude, all cilia orient

on average in the same direction. We now give a simple

modeling of this cooperative alignment.

Alignment transition

We assume in the following that the beating is planar. It is the

case for Opalina, for example, but not exactly for Parame-
cium where the recovery stroke is not in the plane of the

effective stroke. Near the top of the ciliary layer, observations

show that the velocity is time independent and uniform (18).

Consequently, we average the beating over one time period

and replace each cilium of length L (and its effective and

recovery stroke) by a single force (stokeslet) f~, parallel to the
surface, created in the fluid of viscosity h at height h , L
above the membrane, as sketched in Fig. 1.

We choose the x axis in the direction of the effective stroke
and the z axis perpendicular to the cell surface that we ap-

proximate by a plane. The stokeslet along the x axis (f~¼ f e~x)

is located at point S~¼ ð0; 0; hÞ. The velocity created at point
X~ ¼ ðx; y; zÞ by this stokeslet with a no-slip boundary

condition on the plane z ¼ 0 is given by:

v~ðX~Þ ¼ GðX~; S~Þ � f~;
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We define the effective temperature as Dr? = kBT. We
introduce the dimensionless velocity [j = aU/ kBT and we

where eji is a unit vector from cilium j to cilium i and
eji = (ex, eji), as shown on Fig. 2. We now use a mean field
approximation, replacing the velocity Uj (ri) by its average
over the directions (Uj(ri)", given by:

FIGURE 2 Hexagonal lattice of cilia with a distance d between two
neighboring cilia. Cilium j exerts on the fluid a force f in the direction </>j;
Oji = (ex, eji), where eji is the unit vector from cilium j to cilium i.

where P(1)) is the probability for a cilium to make an angle
1> with the x axis. The velocity at cilium i is U(ri) ':::'­
Lj7"i(uj(ri)",. The mean field approximation assumes that
the fluctuations around a given angle determining the di­
rection of the flow are small. We choose the x axis in the
direction of the flow without any loss of generality, so that
the probability P(1)) is peaked around 1> = O.

To determine the probability P(1)), we write a stationary
Fokker-Planck equation oqJ = O. The probability current] =

POt1> - Dro¢P is the sum of two terms: a convection term and
a diffusion term where Dr is a rotational diffusion coefficient.
The beating plane can fluctuate due to thermal fluctuations.
Because of the flow, if the beating plane of one cilium is at an
angle 1> with the flow direction, the cilium is subject to a
torqueM~OW = -aU sin1> along thezaxis that tends to align it
in the direction of the flow, where Uz is the velocity of the
global flow and a a viscosity coefficient involving the ge­
ometry of the cilium. A rotating cilium is also subject to a
viscous torque Mviscous opposing the rotation ~iscous =

-?Ot1> where? is the rotational friction constant. The total
torque on the cilium vanishes (M~OW+~iscous = 0) and the
probability distribution satisfies the Fokker-Planck equation:

02p aU 0 .
01>2 + Dr? 01> [Psm1>J = O.

(1)

f

h

(b)

87T1]Gjk (X, S) = C)~k + P;k) _ (~k + R~~k)

( ) 0 (SzR j Ojz RjRz)+ 2Sz Ok"Ocd - OkzOzl -;::;- -3- - - - -3- ,
uRI R R R

where p= X - S, R = X+S and a = x, y.
To simplify the hydrodynamic problem, we assume in all

the following that the cilia are far away from each other. In
this asymptotic limit, it is consistent to describe the effect of
the cilium in the fluid by a stokeslet. We introduce the two­
dimensional vector along the cell surface r= (x, y) and con­
sider the limit r » z, h, L. We are interested in the velocity in
the vicinity of the ciliary layer, typically 0 < Z < 1.5L. At
lowest order in z/r, the velocity reads:

~( ) 3fh zcose~ ( 3/ 3) ~( )_vr,e,z =----3-er+OZ r ,:::,-ur,ez,
27T1] r

where we have defined a dimensionless height z = z/ L. In the
following, we use mostly the velocity u(r, e). At this order,
the flow field is a radial flow centered on the cilium-stokeslet.
Note that because of the no-slip boundary condition on the
surface, the force appears in the velocity field (Eq. 2) in the
combinationfh homogeneous to a momentum.

We consider now a regular array ofcilia; this is a reasonable
assumption for Paramecium, which shows a beautiful and
very regular array of cilia on its surface (20). We assume that
this array is in an infinite plane. Cilium i is defined by its
position in the xy plane (the cell surface) by a vector ri and by
the angle of its plane ofbeating with the x axis, 1>i as displayed
on Fig. 2. The total velocity at the cilium i at height z, V(ri' z)
is the sum of all the velocities Vj(ri' z) created by the other
ciliaj # i:

where the response tensor G is given in Blake (19) and reads:

FIGURE 1 (a) Beating pattern of a cilium. The fluid is efficiently
propelled during the effective stroke. During the recovery stroke, the cilium
comes back close to the surface, minimizing the viscous effects. (b) Effective
force in the fluid1applied at a height h above the cell membrane, to mimic
the cilium beating.

V(ri'z) = LVPi'Z).
j7'i
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impose the normalization condition JP(1))d1> = 1. We
obtain:

where Io(V) is the modified Bessel function defined in
Gradshteyn and Ryzhik (21). The velocity Ucan then be self­
consistently determined by calculating (Uj (ri) 1>' and summing
over all the lattice sites. We obtain:

In this section we discuss the beating mechanism of a single
cilium. We follow closely the work of Camalet and Ji.ilicher

AXONEMAL BEATING

An analysis only involving the geometrical and kinetic
parameters of the cilium requires the estimation of the param­
eters f, ex, and h. Even if the exact motion of the cilium is
necessary for a quantitative study, it is worth going further
qualitatively in the analysis. The height h is of the order of the
cilium size h ~ L. The calculation of ex is given in Appendix I
for a general beating (Eq. 48). It turns out that ex is linked to
the difference of the areas covered during the effective and
recovery strokes. Here we approximate ex~(I/IO)g~LA,

where g~ is the perpendicular friction constant per unit length
of the cilium (10,22) and A the amplitude of the tip movement.

To give a simple estimation of the effective hydrodynamic
force, we consider that the friction coefficient takes the per­
pendicular value g~ during the effective stroke, and the parallel
value gil during the recovery stroke. Introducing the beating
frequency w, weestimatef~ (1/10) (g~ - gll)LwA (see Eq.48).
A more precise calculation of these two quantities as a function
of the beating patterns is given in Appendix I. The numerical
factor is such that 3lC/ 47T~1. Consequently, we obtain:

3lCexfhL 3 1O-2g~(g~ - gll)A
2
LwL:.

47TkBTY]d kBTY] d

The difference between the two local drag coefficients g~
and gil is the key to an efficient beating. Increasing the
amplitude A or the frequency w of the beating favors
the alignment of cilia, as could be expected. Increasing the
viscosity of the medium could also promote the transition at
first sight because it seems to increase the coupling between
cilia (since g~, g~ rx Y]). Nevertheless, this last argument
requires more attention because the beating pattern (force
exerted by the cilium, amplitude) and its frequency depend
on the medium viscosity. Indeed, in Machemer (23) mea­
sures a decrease of the frequency when Y] increases, as we get
in "Axonemal beating". Moreover, we can also expect a
decrease of A with Y]. Thus, increasing viscosity may lower
the coupling between cilia (as suggested in Gheber et al.
(24)) and disadvantage their alignment.

Equation 9 is satisfied even for rather large d. Indeed,
taking A~L~lOfLm, g~ ~ lOY]water (25), w ~ 102rad s-r,
kBT ~ 10-21J we get:

1O-2g~(g~ - gll)A
2
LwL

3
105L3 .

kBTY] d3 d3

Thus, Eq. 9 remains true even for d ~ IOL: hydrodynamic
effects should be sufficient to induce alignment in several
cases since for many ciliated cells, d < L. In the following,
we take a closer look at the internal beating mechanism of
one cilium and then at the beating of an array of cilia to ob­
tain a more precise and quantitative description.

(8)

(6)

(9)

(5)
eDeos</>

P(1)) = 27Tl
o
(U) ,

U=2V2

This solution exists only if:

where lC is a constant depending on the nature of the lattice,
d is the lattice constant (the distance between cilia), and
h (V) is a modified Bessel function (21). For a hexagonal
lattice, the explicit calculation yields:

3e
lChex = I 2 2 5/2

(k,I)7'(O,O) (3k + I )

'" 3(k + 1/2)2 ~ 5 5
+ (B) (3(k + 1/2)2 + (l + 1/2)2)5/2 - ., (7)

(for a square lattice lCsquare C::' 4.5). The self-consistent Eq. 6
for the flow velocity can be discussed by expanding the
integrals 10 and II in the vicinity of V = 0: there are two
solutions V = 0, and a solution at a finite velocity that exists
only within a certain range of parameters:

3lCexfhL 1
---'--------,;-3> .
47TkBTY]d

Within the mean field approximation Eq. 9 defines a
dynamical phase transition between a nonmoving fluid with
randomly oriented cilia and a moving fluid with a global flow
V(z) = Uz # 0 given by Eq. 8 where all cilia are sponta­
neously aligned in the same orientation. This dynamical
phase transition is second order (with a continuous velocity
at the transition) and it is associated to a spontaneous break­
ing of the initial 0(2) symmetry.

The influence of some of the parameters can be directly
analyzed on Eq. 9. A decrease of the distance d between two
cilia favors the alignment, increasing the hydrodynamic
coupling. A decrease of the temperature T also favors
alignment as the random thermal motion opposes it. An
increase of the effective hydrodynamic force of one cilium
f is associated to an increase in the interactions between cilia
and leads to a better alignment. The same effect occurs for ex
and the cilium length L. Finally, increasing h helps to create a
global flow, since the velocity on the membrane vanishes
and the higher the force is exerted, the more efficient.

Biophysical Journal 92(6) 1900-1917
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k 2 1L
[K 2 A ~ 2]G=-~o+ ds -C -f~+-(osX) .

2 0 2 2

n " t. .. .
OIX = g~ (-KJ; - af + !/JT) + g;(K!/J!/J + a!/Jf + i), (11)

where the derivatives with respect to arclength have been
denoted by a dot.

The beating of the filaments is very sensitive to the
boundary conditions imposed at its ends. As the force density
-oG/ oX is equilibrated by the density of friction force

Here, K denotes the total bending rigidity of the filaments.
The inextensibility of the filaments is taken into account by
the Lagrange multiplier A(s), which enforces the constraint
(osX)2 = 1. The first term of this expression is the elastic
energy due to the basal sliding occurring with a connection
of elasticity k. The tangent component of the integrated
forces acting on the filament between s and L is denoted by
T(S). Assuming that there is no external force applied at the
end s = L of the cilium:

(10)~ (1 ~~ 1~)OG
OIX = - g~nn + g;tt oX'

which leads to:

() ~() jL ,oG ~() 1s
,oGT s = t s· ds ----=;- = -t s· s ----=;- •

s oX 0 oX

We assume for simplicity that the hydrodynamic effects of
the surrounding fluid can be described by two local friction
coefficients g~ and gil for normal and tangential motion. The
total friction force per unit length exerted by the cilium on
the fluid is then lv[X(s)] = (gllt7+g~nn)otX(s). The force
balance at arclength s can then be written as:

by an elasticity k and a frictional drag y. The configurations
of the axoneme are described by the shape of the filament
pair given by the position of one filament X(s) at arclength s.
The shape of the other filament is then given by X' (s) =

X(s) - an(s), where n is the filament normal. In the follow­
ing, we describe the filament conformation by the angle !/J
between the local tangent vector and the z axis or by the
deformation h in the transverse direction defined in Fig. 12.

The energetics of the filament pair is due to the bending
elasticity. In addition to filament bending, we also take into
account internal stresses due to the active elements (dyneins).
We characterize them by the force per unit lengthf(s) acting at
position s in opposite directions on the two filaments. This
force density corresponds to a shear stress within the cilium
that tends to slide the two filaments with respect to each other.
The local curvature is C = os!/J (see Fig. 12). The sliding
displacement, ~(s, t) is related to the sliding displacement at
the base ~o(t) by ~(s, t) - ~o(t) = a!/J(s, t), because we impose
the boundary condition !/J(O, t) = O.

A configuration of a filament pair of length L is associated
to the free energy functional:

Each microtubule doublet within the axoneme can be
described effectively as an elastic rod. Deformations of this
rod lead to local sliding displacements of neighboring
microtubules. Here, we only consider planar deformations in
the (xz) plane. In this case the geometrical coupling between
bending and sliding can be captured by considering two
parallel elastic filaments (corresponding to two microtubule
doublets) with a constant separation a along the whole length
of the rod (see Fig. 3). At one end, which corresponds to the
basal end of an axoneme, the two filaments are elastically
attached and are allowed to slide with respect to each other,
but not to tilt (26,29). The basal connection is characterized

Equation of motion

(11), which mimics the cilium by two microtubule filaments
sliding along one another under the action of the dynein
motors and uses a two-state model to describe the collective
motion of the dyneins. We use as boundary conditions for
the motion those introduced recently (I. Riedel-Kruse, A.
Hilfinger, J. Howard, and F. Ji.ilicher, unpublished data;
(26,27)) that seem to have good experimental support (28).
In the next section, we use the same model to discuss the
coordination between cilia.

FIGURE 3 Two filaments (full curves) X and X' at constant separation a
are connected to the membrane at the bottom end where s = O. Internal
forcesjCs) are exerted in opposite directions, tangential to the filaments. The
displacement tJ. at the tip s = L is indicated.

Biophysical Journal 92(6) 1900-1917
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At the base, s = 0, the boundary conditions are:

Fext = -(KC + af)n + Tt = 0 Text = KC = O. (12)

The external torque and force are chosen in such a way
that the base is fixed ((XX = 0) and that the cilium remains
perpendicular to the surface (IV = 0or !/J(O) = 0). The final
boundary condition is associated to the basal sliding

WI (x) = Usin
2(7T~)

W2 (x) = W2 .

Although this choice is somehow arbitrary, we checked
that the final results only depend qualitatively on the actual
shape of the potentials and of the rates defined below.

When a number of motors act together to propel a filament,
the direction of motion is a collective property: the filament
might move in either direction (31). The absence of asym­
metry in the potentials implies that an individual motor is not
able to move directionally. It is not the case for an assembly of
motors: even with a symmetric potential, provided that
detachment can only take place at a localized position near the
bottom of a potential well, oscillations can occur.

We define the distance from equilibrium 0:

W I -W2

0= sup IWI - e kT Irx e6./L/kT - 1.
[0,1] W2

(14)8C l L

yat~O = - 8~0 = -Mo + 0 dsf(s).

exerted by the fluid on the system (see Eq. 10), the boundary
contributions coming from the free energy variation 8C are
equilibrated by external forces Fext and torques Text = Textey

applied at the ends. At the free end of the cilium, both the
external force and the external torque vanish and:

(16)

The determination of the cilium motion requires a model
for the shear force created by the dyneins that we calculate
using a two-state model.

Two-state model for the cilium

Following Camalet and Jiilicher (11), we now introduce the
two-state model of coupled molecular motors (30,31) to
describe the internal mechanism of the cilium. This model
allows the calculation of the shear force f due to the dyneins.

Each motor has two different chemical states, a strongly
bound state, 1, and a weakly bound state, 2. The interactions
between a motor and a filament in both states are charac­
terized by potential energy landscapes WI(x) and W2(x),
where x denotes the position of a motor along the filament.
The potentials have the filament symmetry: they are periodic
with period I, Wi(x) = Wi(x + I) and are, in general, spatially
asymmetric, Wi(x) # Wi(-x).

In the presence of ATP, the motors undergo transitions
between states with transition rates WI and W2. Introducing
the relative position gof a motor with respect to the potential
period, (x = g + nl with 0 :s g < 1 and n an integer), we
define the probability Pi(g, t) for a motor to be in state i at
position g at time t. The relevant Fokker-Planck equations
are:

a/PI + vasPI = -WIPI + W2P2

a/P2+ vasP2 = WIPI - W2P2,

where v = at~ = aat!/J(s) is the sliding velocity between the
two filaments.

The simplest choice of the two potentials Wi, is a saw­
tooth potential (with barrier height U » kT) representing a
strongly bound state for WI, and a flat potential W2 re­
presenting a weakly bound state. Here, for simplicity, we use
the symmetric potentials:

o is related to the chemical potential difference between
ATP and its hydrolysis products, ~JL = JLATP - JLADP - JLp.
At equilibrium, ~JL = 0 and 0 = O. We assume for sim­
plicity that the binding rates W2 and the detachment rate WI are
given by:

W2(g) = V(1 + DSin
2(7Tt))

WI (g) = v Dcos
2(7Tt) .

Note that, with this choice the sum WI + W2 = v(1 + D)
does not depend on g, and that if 0 = 0, WI = 0 and no
directional movement is possible. Here v is a constant
transition rate. If we assume that the motors are uniformly
distributed along the filaments with a density p, the prob­
abilities PI and P2 satisfy the relationship PI + P2 = p. The
Fokker-Planck equations reduce then to a single equation for
P =P I :

This model leads to an expression for the shear force per
unit of lengthf(s, t) created by the dyneins and driving the
cilium beating. Using the results of Prost et al. (30), and the
fact that W2 is a constant:

111f(s, t) = -K~ - Aat~ - - dgP(g)asWI ,
1 0

where K is an elastic stiffness per unit length mimicking the
influence of the nexins that are proteins acting as springs in
the axonemal structure, and A is an internal friction co­
efficient per unit length modeling the friction encountered by
the motors. Equations 11 and 15 allow in principle a com­
plete calculation of the beating motion.

In the following, we assume that the beating occurs with a
"small" amplitude, which means that both !/J(s, t) « 1 and
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hðs; tÞ � L. A quick look at the beating pattern of a cilium of

Paramecium shows that the beating occurs with a large

amplitude. Nevertheless, this approximation allows us to

extract interesting information on the parameters controlling

the beating. Moreover, the work of Hilfinger shows that

larger amplitude beating patterns are very similar to small

amplitude patterns (26). We must however keep in mind that

our approach is valid only if the system stays close to an

oscillation bifurcation, which is consistent with the fact that

we consider only small movements.

We use the deformation h, rather than c or D to describe

cilium motion and work at second order in jhj so that

c ¼ _h1Oðjhj3Þ. In the absence of any external flow, the

equation of motion 11 projected on t~ imposes that t ¼
Oðjhj2Þ (10,11). The projection of the equation of motion on

n~ then yields:

j?@th ¼ �k h
::::

� a_f 1Oðjhj3Þ: (17)

The nonlinear terms are not important here but they will

turn out important in the following section. Indeed, exper-

iments show that the beating is clearly asymmetrical (ES and

RS), and we must expand at least to the next order if we want

to capture this phenomenon. With this variable and at this

order, the boundary conditions read:

hðs ¼ 0Þ ¼ 0; _hðs ¼ 0Þ ¼ 0

k h
::::ðs ¼ LÞ1 af ðs ¼ LÞ ¼ 0; ḧðs ¼ LÞ ¼ 0:

(18)

The explicit solution of the equation of motion 17 is ob-

tained by Fourier expansion in time hðs; tÞ ¼ +N
�N hnðsÞeinvt.

The explicit derivation of the equation satisfied by the Fourier

components is given in Appendix II. At linear order the

effect of the motors is characterized by a susceptibility:

xðV;vÞ ¼ �K � liv1
p

2
rU

2l
2

iVv

ð11VÞðð11VÞn1 ivÞ:
(19)

Using dimensionless variables, �s ¼ s=L, �v ¼ ðj?L4=kÞv,
�xn ¼ ða2L2=kÞxðV; nvÞ, and �h ¼ h=L, the equation of

motion for the Fourier component n reads:

h
::::

n 1 �xnh
::
n 1 in�v �hn ¼ 0: (20)

Note that �v ¼ S4p where Sp is the ‘‘sperm number’’ intro-

duced in Lowe (32). The boundary conditions at the base

�s ¼ 0 are:

�hnð0Þ ¼ 0 h
:
nð0Þ ¼ 0: (21)

At the free end of the cilium, �s ¼ 1:

h
:::

nð1Þ1 �xnh
:
nð1Þ1Gn

�hnð1Þ ¼ 0 h
::
nð1Þ ¼ 0; (22)

with Gn ¼ �x2
n=ð�k � �xn1in�g�vÞwhere we have introduced the

dimensionless parameters �k ¼ ða2L=kÞk and �g ¼ ða2=L3j?Þg.

Beating pattern

In the absence of any external flow the beating is symmetric

and the Fourier components n ¼ 0 and n ¼ 2 of h vanish for

symmetry reasons. Close to the oscillation bifurcation

threshold, cilium beating is dominated by the first Fourier

component n ¼ 1. The solution of the linear equation of

motion 20 is written as the sum of four exponentials:

�h1ð�sÞ ¼ A1H1ð�sÞ; (23)

with

H1ð�sÞ ¼ e
q1s̄ 1 b1e

�q1s̄ 1 c1e
q2s̄ 1 d1e

�q2s̄;

where the two inverse decay lengths are given by:

q1 ¼ � �x1

2
1

1

2
ð�x2

1 � 4i�vÞ1=2
� �1=2

q2 ¼ � �x1

2
� 1

2
ð�x2

1 � 4i�vÞ1=2
� �1=2

: (24)

The boundary conditions are explicitly discussed in

Appendix II. The condition for existence of nonvanishing

solutions is given by Eq. 57 of Appendix II. This is a

complex equation that gives therefore two conditions that

determine both the critical value of the distance from

equilibrium where the oscillations start Vc, and the reduced

oscillation frequency �vc. The critical value Vc is a Hopf

bifurcation threshold: there are no oscillations ifV#Vc and

cilium beating is only possible if V $ Vc. At the bifurcation

threshold, the amplitude of the oscillations vanishes. It is not

possible to calculate the amplitude of the oscillations above

the bifurcation threshold with the linear theory presented

here. This requires a complete determination of the third

order terms in the equation of motion that goes far beyond

the scope of this work. This very complex problem is

addressed in the work of Hilfinger and Jülicher (26).

Determination of the Hopf bifurcation threshold and the

beating frequency at this threshold does not seem to be

possible analytically. We therefore rely on a numerical

solution, choosing reasonable values of the various param-

eters. We study a cilium of length L ¼ 12 mm, which is the

length of a Paramecium cilium. It moves in a fluid of

viscosity h; 4hwater ¼ 410�3 Pa s, which is higher than the

water viscosity to take into account the proteins above the

cell body. We estimate k ¼ 410�22Nm2 corresponding to 20

microtubules and to what is measured in Ishijima and

Hiramoto (33). The other parameters are l ¼ 10 nm, a ¼ 20

nm, U ¼ 10 kT, K ’ 0, r ¼ 5108m�1, and l ¼ 1 Pa s very

similar to those of Camalet (10). To match the typical

frequency observed in Paramecium, and to obtain a realistic

pattern of the beating, we take j? ¼ 35h ¼ 1410�2 Pa s and

we choose k ¼ 6.5 Nm�1, g ¼ 7.3hwater, and n ¼ 600 s�1.

The value of j? is rather high, but it must include the

hydrodynamic interactions of the cilium with the cell surface

(34), which are not taken into account if we use the classical

friction per unit length of a cylinder (35).
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The numerical resolution of Eq. 57 then yields ðVc; �vcÞ
’ ð6:5210�9; 1290Þ. This corresponds to a critical beating

frequency fc ’ 28Hz, which is the typical value for Para-
mecium (7). The calculated beating pattern of the cilium is

shown on Fig. 4. It corresponds to a superposition of waves

propagating from the base of the cilium to the free tip as

observed experimentally.

A detailed study shows that the equation giving the

bifurcation threshold and the beating frequency has several

solutions ðVðnÞ
c ; �v

ðnÞ
c Þ with Vðn11Þ

c .VðnÞ
c . A first guess would

be that the axoneme starts beating at the lowest threshold

ðVð1Þ
c ; �v

ð1Þ
c Þ. However, it is known experimentally that

during the beating the deformation waves propagate from

the base to the tip and not from the tip to the base (36). The

first two oscillating modes correspond to waves propagating

in the opposite direction. To be consistent with the observa-

tions we do not consider them here. A better choice of the

transition rates v1 and v2 would perhaps allow to justify this

choice. The direction of propagation of the wave is

extremely sensitive to the boundary conditions. We have

allowed here basal sliding as suggested by some experiments

and we have imposed that the cilium is clamped at its base

with an angle c ¼ 0. This also seems consistent with some

experiments analyzed in Hilfinger (26). The other extreme

limit of a completely free cilium (a vanishing external torque

at the base) leads to a wave propagating form the base to the

tip for the first mode. We have tried to use an intermediate

boundary condition where the torque at the base is an elastic

torque and varying the related stiffness, however, we were

not able to obtain a beating pattern looking like the ex-

perimental one. We therefore proceed, considering only the

third beating mode ðVð3Þ
c ; �v

ð3Þ
c Þ.

On the other hand, it is not surprising that the lowest

beating threshold corresponds to a tip to base propagation

because the tip is free to move whereas the base is not. The

same phenomenon has been observed in Dreyfus et al. (25):

the authors construct an artificial flagellum with magnetic

particles. One end is attached to a red blood cell and the other

end is free to move. The beating is driven by an applied

transverse oscillating magnetic field. As a result, a bending

wave propagates from the free end, which is more mobile.

The easiest way to move a filament being to start with its

free end, our result may not be an artifact of the model. The

cell must then impose an ATP concentration such that

V.Vð2Þ
c .Vð1Þ

c so that the third mode is selected.

The beating frequency fc varies with the viscosity of the

medium. Experimentally, when methyl-cellulose is added in

water, the viscosity increases significantly. We predict here a

decrease of fcwith increasing external viscosity as observed in
the experiments of Machemer (23) and in numerical simula-

tions (37) (see Table 1). We observe an approximate linear

decrease of the beating frequency when plotted against log(h/
hw) as in the simulations performed in Gueron and Levit-

Gurevich (37) (we find similar values for the frequency).

The effect of [Ca21] on the beating can also be studied

qualitatively. As mentioned in the introduction, [Ca21] has a
strong influence on the beating pattern. Calcium concentra-

tion variations are at the basis of the shock responses of many

organisms, changing the ciliary-type beating into a flagellar-

type beating in Chlamydomonas, or switching the directions

of effective stroke and recovery stroke in Paramecium, or in
reversing the direction of the ‘‘wave’’ propagation on the

flagellum and thus reversing the direction of the movement in

Chritidia (38).

This last example can be explained qualitatively within

our approach. In Chritidia, both directions are possible for

the deformation wave propagation. Calcium may affect the

chosen mode of beating, allowing the system to choose Vð1Þ
c

and its tip-to-base pattern instead of Vð3Þ
c .

Calcium is also likely to change the attachment/detach-

ment rate (and thus change the parameter n) or the boundary
conditions at the base of the cilium (and thus change k). In
Chlamydomonas, calcium has a contractile effect on the

striated fibers connecting the basal bodies of the two flagella

(39). These changes induce a change in the beating pattern,

FIGURE 4 Approximate cilium deformation �hð�s; tÞ at different times

steps (corresponding to different gray levels) during a beating period with

A1 ¼ 1=70. The beating is symmetrical with respect to the vertical axis.

Deformations are propagating from base to tip.

TABLE 1 Viscosity and beating frequency

External viscosity Critical frequency fc Simulations

hw 28 Hz 29 Hz

2hw 19 Hz 17 Hz

3hw 14 Hz 12 Hz

Decrease of the beating frequency with increasing external viscosity as

observed in experiments (23). Comparison with the simulations done in

Gueron and Levit-Gurevich (37) for one single cilium.
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and may result in a switch from base-to-tip to tip-to-base

wavelike propagation.

LEFT-RIGHT BEATING SYMMETRY BREAKING
AND METACHRONAL COORDINATION

In the presence of a transverse external flow, the beating can

no longer be symmetrical as sketched on Fig. 5. The cilium

tends to beat faster and quite straight in the direction of the

flow, whereas it comes back slower and more curved against

the flow. This looks like a two-phase beating with an effec-

tive and a recovery stroke.

If the beating is asymmetrical, the cilium exerts a force in

the fluid that can itself produce a flow. In a certain range of

parameters, one can therefore expect that a continuous flow

is spontaneously generated by hydrodynamic interactions

between cilia: an assembly of cilia, beating symmetrically, is

able to break spontaneously this left-right symmetry of the

beating to create a global flow. This idea of a spontaneous

breaking of the left-right symmetry has already been sug-

gested (40) with a more abstract system (called rowers)

having two internal energy states.

In this section, we first study the effect of an external

velocity imposed by the experimentalist on the beating

symmetry of a single cilium. We then consider an array of

aligned cilia and determine the conditions under which this

assembly of cilia breaks its left-right symmetry and generates

a global flow. Metachronal coordination between cilia natu-

rally emerges from hydrodynamic coupling as a local mini-

mum of the oscillation threshold Vc.

External breaking of the beating symmetry: cilium
submitted to an external flow

We impose an external flow V~ðzÞ ¼ U�ze~x along the x axis for
simplicity, and satisfying the no-slip boundary condition on

the cell membrane as in ‘‘Spontaneous alignment of an array

of cilia: a simple model’’, with the same notations (�z ¼ z=L).
It is found experimentally that the velocity above the cilia

sublayer is time independent (18), justifying our choice. This

flow is in this first part externally fixed and we consider the

limit of vanishingly small flows. The force per unit length

exerted by the cilium on the fluid f~v½X~ðsÞ� depends on the

external velocity V~ðzÞ.
f~v½X~ðsÞ� ¼ ðjkt~t~1 j?n~n~Þð@tX~ðsÞ � V~ðzÞÞ: (25)

The equation of motion 11 reads then:

@tX~ ¼ V~ðzÞ1 n~

j?
ð�kc

:::� a_f 1 _ctÞ1 t~

jk
ðk _cc̈1 a _c f 1 _tÞ:

(26)

The boundary conditions are the same as in the absence of

the neighboring cilia and are given by Eqs. 12–14. Following

the same procedure as for a cilium in the absence of flow,

we find the equation of motion for the deformation of the

cilium h:

j?@th ¼ j?VðzÞ � k h
::::� a_f � jkVðzÞ hḧ1

j?
2jk

_h
2

 !

1Oðjhj3Þ: (27)

The introduction of the external flow breaks the h / �h
symmetry (or left-right symmetry) introducing in Eq. 17

terms of zeroth and second order in h in the equation of

motion. The boundary conditions do not depend on the ex-

ternal flow. Because the height z where we consider the flow
depends on the arclength s, we write (expanding Eq. 47):

zðs; tÞ ¼ s� 1

2

Z s

0

du _hðu; tÞ2 1Oðjhj4Þ: (28)

Note that we cannot simply write z ’ s and get rid of the

second term because it is of order jhj2. As above, we expand
the deformation of the cilium h in Fourier components in

time. Using the same notations as before, the equation of

motion of the Fourier components can be written as:

h
::::

n 1 �xnh
::
n 1 in�v �hn ¼ U�sd0;n � U

2

Z s̄

0

du h
:
2

� �
n

� U�s

2
ðj�hh

::
1 h

:
2Þ

n
; (29)

for n ¼ 0, 1, 2 and where we have introduced the new

dimensionless parameters:

U ¼ j?L
3

k
U j ¼ 2jk

j?
:

In the limit of small external velocities, we have neglected

terms of orderU
2
, and we keep this approximation through-

out our calculations.

The equation for the first mode is identical to Eq. 55, with

the same boundary conditions. At this order in U, the

fundamental mode is not affected by the external flow.
FIGURE 5 Effect of an external flow V~ on the beating of a single cilium.

(a) Symmetrical beating. (b) Broken symmetry due to the external flow.
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Consequently, the oscillation threshold and the beating

frequency are the same as in the absence of flow and the

Fourier component �h1 is given by Eq. 23.

The zeroth Fourier component �h0 gives the average

deformation of the cilium. It is a solution of:

h
::::

0 � �Kh
::
0 ¼ U�s� U

2

� Z s̄

0

dujh
:
1j2 1�sðjð�h1h

::�
1

1 �h
�
1h
::
1Þ1 jh

:
1j2Þ
�
; (30)

with the same boundary condition as before. Nevertheless,
�h0 does not vanish at first order in velocity because of the

broken symmetry due to the external flow that is reflected in

the right-hand side of Eq. 30. We write the solution as the

sum of two contributions: �hEq0 , corresponds to the curvature

of the cilium under the flow V(z) at equilibrium, i.e., in the

absence of any beating (�h1 ¼ 0), and �hATP0 , corresponds to

the corrections to this equilibrium deformation due to the

beating when there is enough ATP in the medium:
�h0 ¼ �hEq0 1�hATP0 . If as above, we ignore the elasticity of the

nexins ( �K/0):

�h
Eq

0 ð�sÞ ¼ U
�s
2

6
1� �s

2
1

�s
3

20

� �
¼ UH

Eq

0 ð�sÞ

�h
ATP

0 ð�sÞ ¼ U

2
A2

1H
ATP

0 ð�sÞ; (31)

where A1 is the amplitude of the first Fourier mode of

the oscillation defined in Eq. 23 and HATP
0 ð�sÞ is a function

calculated numerically only depending on H1ð�sÞ (see Eq.

23). In the limit U ¼ 0, �h0 ¼ 0 as expected. The average

deformation of the cilium is plotted on Fig. 6 a, which shows
the bent shape under the action of the external flow.

The second Fourier component gives the asymmetry of the

beating. It is obtained from the equation of motion:

h
::::

2 1 �x2h
::
2 1 2i�v �h2 ¼ �U

2

Z s̄

0

du h
:
2

1 1�sðj�h1h
::
1 1 h

:
2Þ

� �
: (32)

We write the solution of Eq. 32 as:

�h2ð�sÞ ¼ U

2
A2

1H2ð�sÞ;
where H2ð�sÞ is calculated numerically from H1ð�sÞ as well.

Here also, in the limit U ¼ 0, �h2 ¼ 0. The plot �h2 at different
times on Fig. 6 b, leads to a complicated pattern.

The total deformation of the cilium �hð�s; tÞ ’ �h0ð�sÞ1
�h1ð�sÞeivct 1 �h2ð�sÞe2ivct 1 c:c: is plotted at different times

equally spaced on Fig. 7. To stress the fact that the beating is

easier and faster in the direction of the flow, and more

difficult and slower against the flow, we have chosen rather

large values of the parameters, j ¼ 1, A1 ¼ 1=8, andU ¼ 5,

and we plot �hð�s; tÞ for �s 2 ½0; 0:2� on Fig. 7.

The external flow thus breaks the left-right symmetry in

two ways. First the average position of the cilium is not the

vertical axis but a cilium curved in the direction of the flow.

Second, the beating itself is no longer left-right symmetric:

the cilium goes faster in the direction of the flow and comes

back slower against the flow. The beating pattern looks like a

two-phases beating with an effective stroke and a recovery

stroke. This effect increases with A1 and U and is con-

sequently even more significant in real ciliary beatings. The

external flow may therefore be an important factor in the

asymmetry of the beating.

Another important result is that, because the beating prop-

agates a base-to-tip deformation, the curved cilium exerts a

finite average force in the fluid in the direction of the flow.

Thus, if an external flow breaks the left-right beating sym-

metry, the cilia create a force in its direction and can amplify

this flow. This is the basis of the left-right spontaneous

symmetry breaking that we discuss in the next section.

The external flow is not always the only source of sym-

metry breaking. If it were so, Paramecium would always go

in the same direction once it started moving. This is not the

case because this organism is able to go backward when it

bumps into an obstacle, thanks to the release of calcium that

reverses the beating. Nevertheless, some ciliary assembly

never reverse their beating and create a flow in a unique

direction. This is the case for the respiratory, ependymal and

Fallopian cilia for instance. In those examples, the flow is

transverse and always in the same direction. Our approach

may be relevant for this category of cilia for which an

external flow might take a significant part in the breaking of

the beating symmetry.

FIGURE 6 (a) Average position of a cilium that is curved in the direction

of the flow, �h0ð�sÞ ¼ Æ�hð�s; tÞæ. (b) Second Fourier component of the defor-

mation 2R½�h2ð�sÞe2ivt� at different times during a beating period. The scale is

dilated: j�h2j � 0:1 with the parameters j ¼ 1, A1 ¼ 1=70, andU ¼ 1.
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As in "Spontaneous alignment of an array of cilia: a simple
model", we consider the limit L « d and we only keep
terms of the second order in s/r, r being the distance between
two cilia in the array so that:

This means that only the velocity along the x axis created
by the component fx of1plays a role and that we can ignore
the other component Vz of the velocity appearing in Eq. 34.
Using the notations of Fig. 2, and noting that z = s+O(h2

),

we obtain:

where the projection of the local external velocity on the
cilium normal is:

(37)

and dropping the index i, we write the Fourier components of
the velocity as:

As in the previous sections, we expand the velocity, the
force, and the cilium deformation in Fourier modes in time.
For simplicity, we only consider here the first two Fourier
components and do not look at h2 that characterizes the
asymmetry of the beating. The Fourier components of the
velocity are related to those of the force by:

where :3 is the imaginary part of a complex number. We
assume that all cilia are identical, and that they all beat with
the same pattern. The only difference in the beating patterns
of cilia j and i is a possible phase difference that we call (,Di}

Defining:

(35)

The geometrical constant JC is given by Eq. 7 for a
hexagonal lattice of cilia spaced by d. The constant JC [{ (,Dij}]

depends on the relative phases between the cilia. If the
phases (,Dij are randomly distributed, then JC [{ (,Dij}] C::' 0 and
VI = 0: there is no oscillating component of the velocity.

The Fourier components of the force fa = (fx ) andfr are
calculated using the expression offbeat and its average over
one time period given by Eq. 48 in the small movements
approximation:

fa C::' 2w(g~ - gll):3[2hoh1h; - h; is du hI (u)ho(u)]

fl C::' iwg~hI, (36)

(34)

The boundary conditions for the motion are the same as in
the previous section. The velocity Vj [X i (Si)] created at arc­
length Si of the cilium i by a cilium j is given by:

Vj[XJSi)] = l L

dsjG[Xi(Si),Xj(Sj)] .~[Xj(Sj)],

where G is the second order hydrodynamic tensor given by
Eq. I and~ = ~beat is the force per unit of length created by
the beating of the cilium j. The total velocity at the arclength
Si of the cilium i is thus given by:

V[XJSi)] = LVj[XJSi)] = V(ri,si,t).
j7'i

We now consider a regular array of cilia on a cell body,
beating all in the same direction. Starting from a symmetrical
beating, we show that the left-right symmetry is spontane­
ously broken within a certain range of the parameters con­
trolling the beating due to the hydrodynamic couplings
between cilia.

FIGURE 7 Beating pattern at the base of the cilium (S E [0,0.2]) with the
parameters "l = 1, Al = 1/8, and V = 5: the cilium beats faster in the
direction of the flow and slower in the opposite direction around a curved
average position.

Spontaneous breaking of the beating symmetry:
array of aligned cilia

Equations of motion

For a cilium located in the xy plane at position r, we call
V[X (s)] the velocity created by the other cilia at the point
X(s) of arclength s. The equation of motion of the cilium is
similar to that obtained previously with an external flow field
and we write up to the third order in has:
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with

y( cP) qe
q

- e
q+ 1

/3(q,CP)=I-y(cp)/3 l

The constant iC I can be determined self-consistently as it
varies linearly with hI. We obtain:

h[(s) = IAJeq;s + /3(qi, cp)s),

(41)

The effect of the hydrodynamic interactions between cilia
is embodied here in the coefficient y(cp). The variation of this
coefficient with the phase difference cP is similar to that of
JC (cP). The limit where y(cp) = 0 leads back to the previous
situation were one cilium is beating alone; it may however cor­
respond to the finite phase shifts between cilia cP = CPs or CPa.

The four boundary conditions on hI can as before be
written in a matrix form and the oscillation threshold and the
critical beating frequency can be determined as the zeros of a
determinant insuring the consistency of this matrix equation.
This leaves an unknown amplitude of the beating motion that
could only be calculated by expanding the equation of motion
to higher order. The beating pattern can then still be written as:

Beating pattern and metachronal waves

We first study the equation of motion of the first Fourier
mode in Eq. 40, which corresponds to the oscillatory motion
of the cilium. The right-hand side of this equation does not
vanish due to the existence of an oscillatory external flow
due to the other cilia. Note, however, that we have not treated
in details the hydrodynamic interactions for one cilium since
we have only taken them into account through the two local
friction coefficients g~ and gil' We are here more interested in
the qualitative aspects of the coordination between cilia than
in the accurate calculation of the flows created by each cilium.

The general solution of Eq. 40 can be written as hI =

h~+hi with:

It is convenient to rewrite the external velocity as u( cp) =

iwiC I y( cp) with:

( )
_ 3JC(cp)g~L3

Y cP - 27TY]d3

ho -Kho = Us

h[ + X[h[ + iwh[ = u(cp)s. (40)

In writing Eq. 40, we only kept the term Us = O(h3
) that

breaks the left-right symmetry and that lead to ho# 0, ignoring
any other term that would not create a macroscopic motion.

4

On the contrary, because we know that metachronism occurs
in an array of beating cilia, we choose a constant phase dif­
ference cP between two consecutive cilia in the direction of the
plane of beating: CPi,j+I - CPi,j = cpo This is the case for
symplectic and antiplectic metachronal coordination. We only
consider those cases (and not laeoplectic or dexioplectic
metachronism) here. Experimentally, for Opalina (symplectic)
and Pleurobrachia (antiplectic) that both have planar beatings,
no metachronal wave in the transverse direction of the beating
can be seen (34), which justifies our choice. We stress that
we do not impose the phase difference cpo The system is free
to adjust its phase. We then write JC [{ CPij}] = JC (cp) with:

3e cos (2ncp )
JC( cp) = I (3e + zl)5/2

(k,I)#(O,O)

3(k+ 1/2)2cos((2n+ l)cp)

+ (t) (3(k + 1/2)2 + (l + 1/2)2)5/2'

Note that JC(O) =JC. The function JC(cp) is plotted on
Fig. 8 for a lattice of 5002 cilia. For two particular values of cP
that we denote by CPs and CPa this function vanishes, JC( CPs) =

JC( CPa) = 0, as in the case where the relative phases of the
cilia are randomly distributed. This corresponds to a constant
flow with no oscillating component. We now define the two
dimensionless velocities U and u( cp) by:

U = g~L3 3JCMo~ u(cp) = g~L3 3JC(cp)~[L. (39)
K 27TY]d K 27TY]d

The equations of motions of the Fourier components ho
and hI can then be written as:

2

CPa CPs with now

-2

2 4 6 H[(s) = Erp(q[,s) +b[Erp(-q[,s) +C[Erp(q2'S)

+ d[Erp( -q2, s)

Erp(q,s)=e
qs

+/3(q,cP)s. (42)

FIGURE 8 K( <p) over one period (</> E [0, 217J). Remarkable values:

K(O) = K "" 5.5; K(17) = Kmin "" -2.6; K( <Pal = K(<ps) = 0 with <Pa "" 1.3
and <Ps "" 5.0 = 217 - <Pa'

The values of both the oscillation threshold Dc and the
frequency We depend on the phase shift cP, through y(cp). We
first discuss the variation of this bifurcation point with the
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constant g(u), which is a more convenient variable. On Fig. 9,

we plot Vc and the critical frequency fc against g. There is a
localminimumofVc forg

� ’ �1:15 and a localmaximum for

g ’ 1. The beating frequency, fc, is a decreasing function of g.
We here need a selection criterion that determines the value

of the phase shift between cilia. The simplest conjecture for

the selection criterion is that the system chooses the local

minimum of Vc corresponding to g� ’ �1:15. This corre-
sponds to a metachronal wave propagating in the assembly of

cilia, as widely confirmed by experimental observations

((23,36) for instance).

With this selection criterion, the oscillation threshold is

now Vc ’ 6:5010�9 and the critical frequency is fc ’ 31Hz.
The hydrodynamic couplings between cilia slightly decrease

the oscillation thresholdVc and increase the critical frequency

fc. Thus, the coordination between cilia favors cilium beating

by creating a metachronal wave corresponding to g , 0.

The beating pattern is slightly changed as shown on Fig. 10

where we have plotted 2R½�h1eivt� at different time steps with

the same amplitude A1 ¼ 1=70 and for g ¼ g*. The phase

difference u* between two consecutive cilia corresponding

to g� ’ �1:15 depends on the values of the parameters. If

we take d/L ¼ 2, then Kðu�Þ ’ �5:510�1, which yields

u� ’ 61:5. This value corresponds to a wavelength l¼ 4.2d
; 4d for the metachronal waves or approximately five cilia,

which is the correct order of magnitude (the wavelength is

seven cilia in Machemer (23)).

We plot 40 cilia on a line for g ¼ g* and submitted to

a lateral flow (from left to right) at four different times

covering one period. Indeed, as explained just below, an array

of cilia can create spontaneously a nonzero average flow in

one direction that breaks the beating symmetry and defines the

direction of the effective stroke. Two opposite values of u
lead to g*: u* , 0 corresponds to symplectic metachronal

waves (Fig. 11 a), and u* . 0 to antiplectic (Fig. 11 b). In
our model those two types of metachronal coordination are

equivalent. An arrow is following one pattern during one

period, it thus moves over one wavelength.

Note that we have chosen d/L ¼ 2 so that our calculations

remain consistent and to remain close to what is observed

experimentally (d , L); d/L ¼ 2 might seem far from our

assumption d � L, but in Eq. 2 (and Eq. 35) the relevant ratio
is not L/d but L3/d3, which justifies our choice. Moreover,

experimentally it is possible to obtain partially deciliated

Paramecium that verifies d . L ((41), for example), and it

would be interesting to test our predictions on such systems.

Global flow and left-right symmetry breaking

We now discuss the left-right symmetry breaking and the

appearance of a global flow. We solve Eq. 40 for the zeroth

FIGURE 9 Oscillation threshold Vc and critical frequency fc (Hz) as

functions of g for g 2 [ �3, 1.4]. Vc has a local minimum that corresponds

to the existence of metachronal waves (symplectic or antiplectic). The

horizontal axes indicate Vc and fc for g ¼ 0.

FIGURE 10 Beating pattern of a cilium in an array in the presence of a

metachronal wave. The pattern is different from that of an isolated cilium

mostly around the base. The first Fourier component 2R½�h1eivt� at various
time steps during a period is plotted with A1 ¼ 1=70 and g ¼ g*.
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(a)

(46)

FIGURE 11 Line of 40 cilia in the presence of a metachronal wave and a
lateral flow (dilated scale). The flow breaks the beating symmetry and
defines the direction of the effective stroke (toward the right here). The
arrows follow one pattern through its displacement on one period. (a)

Symplectic metachronism (q;* < 0). (b) Antiplectic metachronism (q;* > 0).

If Cq> <0 this equation has the only solution U = 0 and no
global flow can exist: the left-right symmetry is not broken.
If Cq»O this equation can have two extra nonzero solutions
U # 0 corresponding to a global flow along the x axis given by:

(V(s, t) = Vo(s) = US,

and the left-right symmetry is then broken. Note that it is
indeed JC given by Eq. 7 that appears in Eq. 45 and not
JC(cp*). The condition for appearance of a global flow is:

3JCC;>A~g~ -gllg~L\JJL3 I
3> .

7T Y] K d

To evaluate this criterion we take for our parameters the value
previously used in this section (d = 2L, Cq>' C::' 35) and
"Axonemal beating". We get a lower bound for the factor AI:

Al ;::; 10-3
,

which is satisfied, even with our assumption of small beating
amplitude (AI ~1O-2 leads to Ih(s, t)I:SO.IL). Spontaneous
breaking of the beating symmetry can occur thanks to
hydrodynamic coupling. As for the oscillation amplitude,
our calculation only gives the threshold of appearance of
the global flow. A determination of the actual value of the
velocity would require an expansion of the equations of
motion to higher orders.

with

A self-consistent equation is then obtained for the average
velocity U:

We have studied in this paper how hydrodynamic interactions
between cilia contribute to the coordination of the beating
motion in ciliated cells. Three major effects have been
studied: the spontaneous alignment of an array of cilia, the
breaking of the beating symmetry and the appearance of a
macroscopic flow, and the existence of metachronal waves.
We have shown for all these problems that there exists a
dynamic transition where symmetry is broken and where
a coordination between the beating of neighboring cilia
appears. Hydrodynamic interactions can lead to the alignment
of an assembly of cilia within some range of the physical
parameters (distance between cilia, beating amplitude, beat­
ing frequency ...). In "Left-right beating symmetry break­
ing", we show that a transverse external flow can break the
symmetry of a symmetrical beating to induce an asymmetrical
beating, faster along the flow and slower and more curved
against the flow. In the last section, we have shown that an
array ofcilia can create a macroscopic flow and spontaneously
breaks the left-right beating symmetry, but also within a
certain range of parameters (distance, frequency, bending
rigidity, phase difference between neighbors ...). Finally,
metachronal coordination appears as a self-organized phe­
nomenon and helps the beating, lowering the beating
threshold and increasing its frequency. Last but not least, it
accounts for rather stationary flow observed experimentally
(18).

DISCUSSION AND CONCLUDING REMARKS

(45)

(43)

Fourier component of the deformation with the same bound­
ary conditions as before in the limit K ---+0. We obtain:

-2 ( - _3)- -s S s -
hoes) = U6 1-"2 + 20 = UHo(s),

which defines Ho(s). The cilium oscillates around a curved
average position lto # 0 if[j # 0, if there exists a global flow.
We show below that this is possible within a certain range of
parameters. The determination of the average velocity U
requires the calculation of the integral Mo defined in Eq. 37;
we get:

I S

C;> = 1ds ':3[2HoHJI~ -H~1ds'HoHd, (44)

which can be numerically calculated knowing Hoand HI (given
by Eqs. 43 and 42). Cq> depends on cp through HI. Using the
value of cp = cp* corresponding to metachronal waves, we
obtain:
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Our work is based on several simplifying approximations

that we believe make the analysis tractable analytically but

that should preserve the essential physical effects. Our aim is

to point out the relevant parameters controlling biophysical

phenomena in ciliated cells. For this purpose, we use an

analytical approach rather than numerical simulations. We

only studied hydrodynamic interactions between distant cilia

that can be treated by introducing simple distributions of

forces in the fluid to describe the motion of one cilium. This is

rarely true experimentally but the hydrodynamic interactions

between closer cilia are even stronger and strongly favor

the transitions that we study. We also only consider planar

beating, which is observed for many organisms (Opalina (8),
Ctenophore (42), gill cilia of mollusc (14), Chlamydomonas
(43), sea urchin sperm (44), human respiratory cilia (45). . .).
A recent work of Vilfan and Jülicher (46) studies three-

dimensional cilia beating and the coupling between two cilia

using a simplified hydrodynamic description. We have

replaced the complex architecture of the axoneme by two

microtubules sliding against one another under the action of

dynein motors that are described by a two-state model for

molecular motors as done earlier (11). This is a rather sketchy

description but it allows a calculation of the internal forces

that drive the cilium motion and it gives some physical

insight. Future work will have to take into account the

ninefold symmetry of the axoneme and the influence of its

central doublet as done in Gueron et al. (47). Finally, we have

only considered small amplitude beating. This is sufficient to

determine the oscillation threshold but it does not allow a

quantitative comparison between the calculated beating and

the experimental ones that often occur far from any threshold.

All our results are qualitatively consistent with the experi-

mental observations and for example the beating frequency is

close to both the experimental ones and to the ones obtained in

numerical simulations (48).

The essential result of our work is the emergence of

metachronism and of a macroscopic flow in an array of cilia

as self-organized phenomena under some conditions on the

physical parameters. The criterion for appearance of the global

component of the flowgiven byEq. 46 requires only very small

amplitudes (A1*10�3), which means that hydrodynamic

effects should be strong enough to break the beating symmetry

and create a macroscopic flow. An essential ingredient for the

macroscopic flow to appear is that the constant Cu defined in

Eq. 44 be positive so that the average force created by one

cilium favors the flowand does not oppose it (which occurs ifu
¼ 0). Another striking example of self-organization due to

hydrodynamic coupling can be found in the experiments

performed (49) where spermatozoa assemble into a hexagonal

array of dynamic vortices. As suggested in this work, future

studies on coordination between cilia will have to introduce a

stochastic noise on the phase u and address the transition

between noncoordinated and coordinated beating of cilia.

As long as we allow a constant phase shift between

neighboring cilia we observe metachronal coordination as a

consequence of hydrodynamic interactions and of the internal

beating mechanism of the cilium. A selection criterion is

then needed for these waves. We have conjectured that the

existing metachronism is the one that corresponds to the local

minimum of the oscillation threshold. A more complete

calculation that goes far beyond the scope of this work would

have to consider the nucleation of the metachronal wave and

to determine the fastest growing wave. One of the interesting

predictions of our calculation is that the existence of

metachronal coordination leads to a flow that is far more

stationary than if all the cilia were beating in synchrony. The

oscillating component of the flow is proportional to the

constant KðuÞ (see Eq. 39) that has a much smaller value

when metachronism exists (Kðu�Þ ’ �5:510�1) than if all

cilia are beating in synchrony (Kð0Þ ¼ K ’ 5:5). Metachro-

nal coordination thus contributes to the creation of a very

steady movement of swimming organisms that could for

example make easier the detection of the organism environ-

ment. This effect, which does not depend on the kind of meta-

chronism (symplectic, antiplectic,. . .), might be the major

advantage of metachronal coordination, the energetic gain

being rather small.

The problem of multicilia configuration and energetic gain

has also been addressed (50) using numerical simulations.

Our analytical approach is consistent with their results: in an

assembly of cilia the beating pattern of one cilium is affected

by the presence of its neighbors, the beating frequency is

increased, and multicilia configuration can reduce the energy

required for beating. As in our model, metachronal coordi-

nation is due to hydrodynamic interactions and to the

dependence of the internal engine on the external flow. These

two conditions seem to be necessary for metachronism.

Nevertheless, their approach shows that an assembly of cilia

induces both metachronal coordination and a decrease of the

beating energy, but does not allow one to conclude whether

this energetic gain is a direct consequence of coordination.

Our study shows that without any coordination between

cilia, the beating threshold for each cilium is not changed,

whereas for metachronal coordination, it can be decreased or

increased depending on the phase difference u. In other

respects, they obtain a wavelength in their simulations (l ;
100 cilia) much larger than the experimental value (l&10

cilia (23,36)). We obtain a closer value (l ; 5 cilia). This

might be due to our internal engine, which is driven by the

collective behavior of molecular motors, whereas theirs is

based on a geometric switch hypothesis (37,51) that might

not be relevant. For this reason, and more generally because

the internal mechanism is one of the keys to metachronism,

a precise description is needed.

Our most important conclusion is the idea that metachron-

ism and the existence of macroscopic flow around ciliated

organisms can exist as self-organized phenomena driven by

hydrodynamic couplings.Wemust stress, however, that other

mechanisms could be at the origin of these cooperative

effects.
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APPENDIX I: AVERAGE FORCE CREATED
BY A CILIUM

The aim of this appendix is to calculate the force and momentum created by

a general periodic beating of a single cilium averaged over one time period.

We make two assumptions: the beating is planar and there is a stationary

external flow. In the ‘‘Left-right beating symmetry breaking’’ section, the

average flow is created by the neighboring cilia.

We call f the angle between the plane of beating and the direction of the

external flowV~ that we take along the x axis. The cilium of length L is located

at the origin and it is fixed at its basis. We denote by h(s, t) the distance

between a point at arclength s on the ciliumand the z axis at time t and byZ(s, t)
the distance between a point at the arclength s on the cilium and the (xy) plane.

The angle between the tangent vector t~to the cilium and the z axis is denoted

by c(s, t) (see Fig. 12). The coordinates of the tangent vector

are t~¼ ðcosfsinc; sinfsinc; coscÞ. The angle c is related to the cilium

deformation h by sin c ¼ @sh.

The point on the cilium at the arclength s is located at position

X~ ¼ ðx; y; zÞ, with:

x ¼ cosf

Z s

0

du sincðu; tÞ ¼ hðs; tÞcosf

y ¼ sinf

Z s

0

du sincðu; tÞ ¼ hðs; tÞsinf

z ¼
Z s

0

du coscðu; tÞ ¼ Zðs; tÞ: (47)

The velocity of this point is calculated by derivation with respect to time,

v~¼ @tX~. The force per unit length exerted by the cilium on the fluid ex-

pressed in the Frenet basis ðt~; n~; b~Þ is:

f~¼ ðjkt~t~1 j?n~n~1 j?b~b~Þðv~� V~Þ;
where jk and j? are the two local friction coefficients for tangential and

normal motion, respectively. We decompose this force as a sum of two

forces, f~beat depending on the local velocity and f~flow depending on the

external flow velocity and calculate the average force over a beating period

Æ f~æ ¼ 1=T
R T
0
dt f~ðtÞ.

The average beating force Æ f~beatæ can be explicitly calculated. Defining

d(u, s) ¼ 2c(s) � c(u), we get:

Æ f beatx æ ¼ ðj? � jkÞ
cosf

2

Z s

0

du Æ@tcðuÞcosdðu; sÞæ

Æ f beaty æ ¼ ðj? � jkÞ
sinf

2

Z s

0

du Æ@tcðuÞcosdðu; sÞæ

Æ f beatz æ ¼ �ðj? � jkÞ
1

2

Z s

0

du Æ@tcðuÞsindðu; sÞæ:

This force is proportional to (j? � jk) as mentioned in the section

‘‘Spontaneous alignment of an array of cilia: a simple model’’. The

difference between the two local friction coefficients j? and jk is at the basis
of the flow generation by an assembly of beating cilia. Indeed, this is because

the shape of the beating in the effective stroke is different from that in the

recovery stroke that a force can be exerted in the fluid on average.

The average force due to the external flow is:

Æ f flowx æ ¼ ðj? � jkÞV cos
2
f Æsin2

cæ� j?V

Æ f flowy æ ¼ ðj? � jkÞV cosf sinf Æsin2
cæ

Æ f flowz æ ¼ ðj? � jkÞV Æsinc coscæ:

It is important to note that Æ f flowx (s) æ , 0: this force opposes the flow. The

last term of f flowx is a static term, whereas the first positive term depends on

the beating pattern and reduces the effects of this static term. In an assembly

of cilia, the external velocity is due to the beating of the other cilia.

In the section ‘‘Spontaneous alignment of an array of cilia: a simple

model’’, we introduce a viscous coefficient a that characterizes the tendency

for a cilium, beating in a plane at an angle f with the flow, to align with the

other cilia. A torque along the z axis due to the flow Mflow
z ¼ �aU sinf is

exerted on this cilium. We now express a as a function of the cilium beating

pattern. We call mz ¼ �ðX~3f~Þ:e~z the torque along z exerted by the fluid

on the cilium per unit length (the minus sign is due to the fact that f~ is

the force exerted by the cilium on the fluid). The local torque per unit length

exerted by the fluid on the cilium is:

mzðs; tÞ ¼ �j?Vhðs; tÞsinf ¼ �j?L�hðs; tÞ�Zðs; tÞUsinf;

where we have used the dimensionless coordinate�s ¼ s=L and �h ¼ h=L. The

total momentum along z averaged over time, is obtained by integration:

Mz ¼ �j?L
2

Z 1

0

d�s Æ�hð�s; tÞ�Zð�s; tÞæUsinf:

This defines the friction coefficient a:

a ¼ j?L
2

Z 1

0

d�s Æ�hð�s; tÞ�Zð�s; tÞæ; (48)

which can be calculated if the motion of the cilium is known.

APPENDIX II: FOURIER MODE EXPANSION AND
THRESHOLD OF OSCILLATION

In this appendix, we derive the equations satisfied by the Fourier com-

ponents of the deformation h of a single beating cilium and we determine the

threshold of spontaneous oscillations of the cilium.

Fourier mode expansion

Axoneme beating is periodic and can be studied by expansion in Fourier

modes in time of all the physical parameters:

hðs; tÞ ¼ +
N

n¼�N

hnðsÞeinvt:FIGURE 12 Sketch of a beating cilium in a plane at an angle f with the

direction of the external flow V.
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The definition is similar for the other parameters. Starting from Eqs. 16 and

14, we obtain the Fourier components:

fnðsÞ ¼ �ðK1 invlÞDn � 1

l

Z l

0

djPnðjÞ@jW1

D0n ¼ 1

k1 invg

Z L

0

ds fnðsÞ: (49)

To determine the nonlinear relationship between f and D, we follow the lines

of Jülicher and Prost (52) and write:

fn ¼ f
ð0Þ
n 1 +

l

f
ð1Þ
nl Dl 1 +

lm

f
ð2Þ
nlmDlDm 1OðD3Þ:

The coefficients f
ðkÞ
n;n1 ;...;nk can be calculated by first rewriting Eq. 15 as:

Pn ¼ Rdn;0 � iv

nð11VÞ+lm
ldn;l1mDl@jPm; (50)

where

R ¼ r
v2ðjÞ
v1 1v2

¼ r
11Vsin

2ðpj=lÞ
11V

is the static probability (v¼ 0), corresponding to a medium with not enough

ATP to generate the beating. Inserting the ansatz:

Pn ¼ Rdn;0 1 +
l

P
ð1Þ
nl Dl 1 +

lm

P
ð2Þ
nlmDlDm 1OðD3Þ

into Eq. 50, we obtain a recursion relation for the P
ðkÞ
n;n1 ;...;nk :

P
ðkÞ
n;n1;...;nk

¼ � iv

nð11VÞ+m
nkdn;nk 1m@jP

ðk�1Þ
m;n1 ;...;nk�1

that now allows us to calculate f
ðkÞ
n;n1 ;...;nk . Our choice of a symmetric potential

W1 imposes that a change D/� D must change f/� f . This symmetry

imposes thus f (2k) ¼ 0. The only nonvanishing coefficient at linear order is

f
ð1Þ
nl ¼ xðV; nvÞdn;l with:

xðV;vÞ ¼ �K � liv1
p

2
rU

2l
2

iVv

ð11VÞðð11VÞn1 ivÞ:
(51)

The force and the sliding displacement are thus related by:

fn ¼ xðV; nvÞDn 1OðjDj3Þ
¼ xðV; nvÞðD0n 1 a _hn 1Oðjhj3ÞÞ: (52)

Equation 52 models the response of the molecular motors to the bending of

the axoneme. From Eq. 49 we obtain:

D0n ¼ xðV; nvÞa
k1 invg � xðV; nvÞLhnðLÞ1Oðjhj3Þ: (53)

We solve the equation of motion of the cilium (Eq. 17) for each order of the

Fourier expansion.

Equation of motion of the Fourier modes

We look for an approximate solution of the form:

hðs; tÞ ’ h0ðsÞ1 h1ðsÞeivt 1 h2ðsÞe2ivt 1 c:c:

At linear order, there is no coupling between the modes and using Eq. 17, the

equation of motion of the nth Fourier component reads:

h
::::

n 1
xðV; nvÞa2

k
ḧn 1 i

nvj?
k

hn ¼ 0: (54)

It is convenient to introduce the dimensionless variables:

�s ¼ s=L �v ¼ j?L
4

k
v �xn ¼ �xðV; n�vÞ ¼ a

2
L
2

k
xðV; nvÞ:

In dimensionless form, Eq. 51 can be written:

�xðV; �vÞ ¼ � �K � �li�v1
p

2

2
�rU

iV�v

�n1 i�v
;

with:

�K ¼ a
2
L
2

k
K �l ¼ a

2

j?L
2 l �n ¼ j?L

4

k
n U ¼ a

2
L
2

kl
3 U:

We have anticipated here the fact that V � 1. Defining, �h ¼ h=L, and

denoting by a dot the derivation with respect to �s, we obtain the equation of

motion Eq. 20 and the boundary conditions given by Eqs. 21 and 22.

Threshold of spontaneous oscillations

In the absence of external flow only the first Fourier component of h does not

vanish and satisfies the equation of motion:

h
::::

1 1 �x1h
::
1 1 i�v �h1 ¼ 0; (55)

where the relevant dimensionless parameters are:

�x1 ¼ �xðV; �vÞ G1 ¼ �x
2

1

�k � �x1 1 i�g�v
:

The boundary conditions are given by Eqs. 21 and 22 for n¼ 1. The solution

to this linear equation is a superposition of exponentials given by Eq. 23.

The four boundary conditions on �h1 can be written in a matrix form:

M1ðV; �vÞ � A1 ¼ 0; (56)

where A1 is the vector made by the amplitudes of the exponentials in Eq. 23

and the matrix M1 is given by:

M1ðV; �vÞ ¼
1 1 1 1

q1 �q1 q2 �q2

Fðq1Þ Fð�q1Þ Fðq2Þ Fð�q2Þ
q
2

1e
q1 q

2

1e
�q1 q

2

2e
q2 q

2

2e
�q2

2
664

3
775;

with

FðqÞ ¼ e
qðq3 1 �x1q1G1Þ:

The system 56 has nontrivial solutions only if:

det M1ðV; �vÞ ¼ 0: (57)

Because Eq. 57 is a complex equation, it determines both the oscillation

threshold Vc and the dimensionless beating frequency �vc.
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31. Jülicher, F., and J. Prost. 1995. Cooperative molecular motors. Phys.
Rev. Lett. 75:2618–2622.

32. Lowe, C. 2003. Dynamics of filaments: modelling the dynamics of
driven microfilaments. Philos. Trans. R. Soc. Lond. B Biol. Sci. 358:
1543–1550.

33. Ishijima, S., and Y. Hiramoto. 1994. Flexural rigidity of echinoderm
sperm flagella. Cell Struct. Funct. 19:349–362.

34. Murase, M. 1992. The Dynamics of Cellular Motility. Wiley, Chichester,
UK.

35. Cox, R. 1970. The motion of long slender bodies in a viscous fluid.
Part I. J. Fluid Mech. 44:791–810.

36. Horstmann, E. 1959. Epithelium vibrans (Flimmerepithel). Movie,
IWF, Göttingen, Germany. http://mkat.iwf.de. [Online].

37. Gueron, S., and K. Levit-Gurevich. 1998. Computation of the internal
forces in cilia: application to ciliary motion, the effects of viscosity, and
cilia interactions. Biophys. J. 74:1658–1676.

38. Sugrue, P.,M.Hirons, J. Adam, andH.M.E. 1988. Flagellarwave reversal
in the kinetoplastid flagellate Crithidia oncopelti. Biol. Cell. 63:127–131.

39. Hayashi, M., T. Yagi, Y. K., and R. Kamiya. 1998. Real-time
observation of Ca21-induced basal body reorientation in Chlamydo-
monas. Cell. Motil. Cytoskeleton. 41:49–56.

40. Cosentino Lagomarsino, M., B. Bassetti, and P. Jona. 2002. Rowers
coupled hydrodynamically. Modeling possible mechanisms for the
cooperation of cilia. Eur. Phys. J. B. 26:81–88.

41. Thazhath, R., M. Jerka-Dziadosz, J. Duan, D. Wloga, M. A. Gorovsky,
J. Frankel, and J. Gaertig. 2004. Cell Context-specific effects of the
beta-tubulin glycylation domain on assembly and size of microtubular
organelles. Mol. Biol. Cell. 15:4136–4147.

42. Tamm, S., and S. Tamm. 1981. Ciliary reversal without rotation of
axonemal structures inCtenophore comb plate. J. Cell Biol. 89:495–509.

43. Ringo, D. 1967. Flagellar motion and fine structure of the flagellar
appartus in Chlamydomonas. J. Cell Biol. 33:543–571.

44. Afzelius, B. 1959. Electron microscopy of the sperm tail. J. Biophys.
Biochem. Cytol. 5:269–278.

45. Chilvers, M. A., A. Rutman, and C. O’Callaghan. 2003. Ciliary beat
pattern is associated with specific ultrastructural defects in primary
ciliary dyskinesia. J. Allergy Clin. Immunol. 112:518–524.
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